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ABSTRACT: We study scalar field theories on Poincaré invariant commutative nonasso-
ciative spacetimes. We compute the one-loop self-energy diagrams in the ordinary path
integral quantization scheme with Feynman’s prescription, and find that the Cutkosky rule
is satisfied. This property is in contrast with that of noncommutative field theory, since
it is known that noncommutative field theory with space/time noncommutativity violates
unitarity in the above standard scheme, and the quantization procedure will necessarily
become complicated to obtain a sensible Poincaré invariant noncommutative field theory.
We point out a peculiar feature of the non-locality in our nonassociative field theories,
which may explain the property of the unitarity distinct from noncommutative field theo-
ries. Thus commutative nonassociative field theories seem to contain physically interesting
field theories on deformed spacetimes.
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1. Introduction

Noncommutative spacetime is spacetime with noncommutative spacetime coordinates [[]-
M. Since there appears uncertainty in non-commuting directions, noncommutative space-
time can be considered as an interesting candidate for new notion of quantum spacetime.
Field theories on noncommutative spacetime are obtained from replacing commutative
C*-algebras of functions with noncommutative algebras [B].

It is known that noncommutative field theories are related to string theory and quan-
tum gravity. In string theory, for example, noncommutative field theory is an effective
theory, which is obtained in the o/ — 0 limit of the open string theory with constant
background B, field [fi. In quantum gravity, for example, the effective dynamics of quan-
tum particles coupled to three-dimensional quantum gravity can be expressed in terms of
an effective noncommutative field theory which respects the principles of doubly special
relativity [f.

But some noncommutative field theories do not respect the principles of special rel-
ativity or quantum mechanics. The simplest example is the spacetime with the noncom-
mutativity [z#, 2] = i0*”, where 0" is a constant antisymmetric tensor. The field theory
on the noncommutative spacetime does not have the ordinary Lorentz symmetry except in
two-dimensions, since #*¥ is not Lorentz invariant!, while recent developments show that
noncommutative field theory has twisted Poincaré symmetry (B fI]. It is not unitary in the
standard path integral quantization procedure with Feynman’s prescription, when it has
space/time noncommutativity [[0]-[[2]. In [[[J], this was shown by computing explicitly

In two dimensions, 8*" is proportional to €** and is Lorentz invariant.



the one-loop amplitudes and showing the violation of the Cutkosky rule?. Also it is known
that acausal effects occur, when it has space/time noncommutativity [[5]. Moreover, it
has an unusual behavior, called UV-IR mixing, that the ultra-violet divergences appear in
the limit of vanishing external momenta [[L§]-[[L§].

Is it possible to construct field theories on deformed spacetime which preserve both
Lorentz symmetry and unitarity? Since Lorentz symmetry mixes space and time directions,
the known facts in the preceding paragraph suggest that it becomes necessarily complicated
for noncommutative spacetime. In this paper, we pursue the possibility of nonassociative
spacetime. In fact, nonassociativity is known to appear in open string theory with non-
constant background B, field 9. It was also argued that the algebra of closed string
field theory should be commutative nonassociative [R0]. There are also other discussions
on nonassociative theory [1], PZ. Especially in [R3], they discussed commutative nonasso-
ciative gauge theory with Lorentz symmetry.

This paper is organized as follows. In the following section we study scalar ¢3 field
theory obtained from the commutative nonassociative product,

d(x) * p(a) = et 61 1 @) (@ + b)|a=po,

where « is a constant nonassociative deformation parameter. This product is obviously
Poincaré invariant. Since this product contains an infinite number of space-time derivatives,
unitarity seems to be a non-trivial issue. We find that this field theory satisfies the Cutkosky
rule for the one-loop self-energy diagram.

In section Bl we replace the above commutative nonassociative product to avoid a
divergence in the amplitude. In fact the real part of the one-loop amplitude diverges
exponentially in Minkowski spacetime, when we adopt the above product. This divergence
is irrelevant to the discussions about the one-loop unitarity in section P} but may harm the
significance of the field theory based on the above product. Thus we change the square
of momenta on the exponential to the forth power, and study the field theory based on
the new product. We check the one-loop Cutkosky rule to some orders of «, and find the
unitarity holds also in this case.

In section | we discuss scalar field theories obtained from Poincaré invariant commu-
tative associative algebras, and find that the couplings become constant in general. This
shows that non-trivial behaviors of scalar field theories can appear only when commuta-
tivity or associativity of algebras is lost.

The final section is devoted to discussions and comments. We make an observation
concerning the reason why our nonassociative field theories satisfy the unitarity relation
from the viewpoint of a qualitative difference in non-locality between noncommutative field
theories and our commutative nonassociative field theories.

2In @, @], however, they defined a unitary S-matrix of space/time noncommutative field theory with
proper time-ordering. The amplitudes in their schemes are different from those in the standard path integral
scheme.



2. Nonassociative ¢ theory: quadratic case

Noncommutative field theories can be constructed from replacing the usual multiplication
of fields in the Lagrangian with Moyal product,

@ v_0 o)
¢(x) * ¢(x) = €2 e 07 §(2 + a)p(x + b)|a=p=0- (2.1)
Then the spacetime noncommutativity is given by
[zH, "] = ot * x¥ — a¥ x at =i, (2.2)

This spacetime noncommutativity breaks Lorentz symmetry except in two dimensions.
Moreover field theory with space/time noncommutativity (0% # 0) is not unitary in the
standard path integral scheme [[L0J-[[2].

The purpose of this paper is to pursue unitary field theories on deformed spacetimes
with Lorentz symmetry. As candidates, we are going to construct scalar field theories on
Poincaré invariant commutative nonassociative spacetimes and check the one-loop unitar-
ity.

Let us first define the following commutative nonassociative star product,

b(x) * ¢(z) = e O 42 + a)p(z + b)lazp=o, (2.3)

where « is a constant nonassociative deformation parameter. This parameter is taken to
be real for the tree level unitarity to hold.
For the plane waves, the product (R.3) becomes

T 4 piar _ pa(p+a)? Lilpta)e (2.4)

This is obviously Poincaré invariant, since it preserves the Lorentz symmetry and the
momentum conservation. One can easily check that this product is commutative but
nonassociative,

62])1:}3 * 62])2:}3 — e’LpQZB * e’Lpl:B,

(eiplx % eipga:) % eipgx 7& eipm % (eipzar % eipax)_ (2.5)

Field theories based on the product® will have features quite different from the noncom-
mutative field theory based on the Moyal product.

3We adopt the above product (@)7 because this is the simplest non-trivial choice if we impose the
product to have the exponential form and Poincaré invariance. You may hit upon another choice,

ipx

eP® x 9% = P P T,

But this product is commutative associative, and field theory based on it is trivial in the sense discussed in
section H In fact, one can multiply the right hand side of (@) by any commutative associative factor with
no change of field theory (See section E for more details.). Therefore the expression (@) is essentially the
general case with the form of the exponential of a quadratic function of momenta. The peculiar choice (@)
is taken for the simplest choice of the normalization of the scalar field.
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Figure 2: Three-point vertex

Let us construct ¢> scalar field theory based on the above commutative nonassociative
product. The action is defined by

5= /f){ B(a) * 99(w) — SmP6(r) % 9la) — o) = (9(a) + 6(a) | (26)

The term (¢ * ¢) * ¢ is not necessary, because (¢ % @) x ¢ = ¢ * (¢ x ¢) holds from the
commutativity.

In this paper, we employ the standard path integral quantization procedure for the
action (R.§). To find the Feynman rules, let us consider the Fourier transform of the field

o(x),
) = / o(p) ", (2.7)

where fp = [dPp/(2m)P. The scalar field ¢(z) is assumed to be real, and therefore
d(p)* = ¢(—p). Substituting (B7) into the action, we obtain

5= 1@-wnm<w<>

One can read Feynman rules from (P.§). The Feynman rule for the propagator is given by
the usual one as in figure [ Averaging over the orderings of the legs, the Feynman rule of
the three-point vertex is given by figure f Formal discussions on the quantization of the
system respecting the structure of the star product will be given below.

Generating functional is defined by

WJ] = /[d¢] exp {z‘/de <%au¢ x O — %(m2 —ie)px P+ Jx b+ £1[¢]> }

:exp{/dD <z£1[lgj]>}WO[J], (2.9)



where
WolJ] = /[d¢] exp {z / dPz (%Q@ * O — %(m2 —i€)p* P+ J x ¢> }
_ /[dqb] exp {i/df’x<%¢ ¥ (—0% —m? +ic)p+ J + ¢> } (2.10)
Lild] = 50 % (6% 6). (2.11)
We have inserted a factor € ~ +0 to make the path integral convergent as usual. In deriving

the second line of (P.9), we have used that §/(i6J(x)) can be replaced with ¢(z). This can
be shown as

- Jix’) exp (2 / dPxJ(x) * ¢(x)>
dPz(z' — x) %, ¢(x) exp (z / dPxJ(x) * ¢($)>

D ip(z’ —x) ikx 7 « . D
x/p/ke ke P(k) e p(z/d xJ(x)*qﬁ(x))

D a(—p+k)? i(—pt+k)x ipz’ T . D %
x/p/ke e e?* ¢(k) exp (z/d xJ(z) gi)(x))

/k 0=k 2m)D§P (—p + k)e'?™ $(k) exp (z / dPxJ(z) * gb(x))

QU

Il
w\r\?\\

= ¢(2) exp (z / dPaJ(x) * cb(a;)) (2.12)
We now change the integration variable from ¢(x) to ¢'(z) defined by
$(x) = de(x) + ¢ (2), (2.13)
where ¢.(x) is a solution to the classical free field equation,
(=0% —m? +ie)ge(x) = —J(x). (2.14)
The solution is given by
o) == [ Pyae(a - )T w) (2.15)
where o .
Artz =)= | SR (2.16)
Then we get
WolJ] = Nexp{ - %/de/dDyJ(m) o Ap(z — y)J(y)}, (2.17)



2Im =Y {

Figure 3: One-loop Cutkosky rule in ¢ theory.

where
N = /[dqb'] exp {i/de%qS’ % (=02 —m? + ie)qb'}. (2.18)

Note that the factor IV is independent of the current J(z).

The connected two point function of free field theory is given by

2 n
O[T (x)6(y)[0) = %

— / dPy! / dPy ’5D — ')k Ap(2’ — )P (y — ¢/)

— Z/ / de 5 (p k‘) a(pfk)Qefipmeiky 1
2m)P | (2m)P k2 —m? + ie

D .
:/(d D ——— ) (2.19)

2m)P p2 — m? + ie

Thus the propagator is the usual one,

1

. 2.20
p? —m? + e (2.20)
The connected three point function is given by
OTH(@))H()0) = VL] @21
x z = . .
Y 167 ()10 (1)id () | ;g

From the tree level contribution, we obtain the Feynman rule for the three-point vertex as

_TZg(eo‘p2 +et eo‘k2), (2.22)

where p, g, k are the external momenta.

A unitary theory will satisfy the Cutkosky rule,

2mMey = Y Man M, (2.23)

where M,y is the transition matrix element between states a and b. Using the Feynman
rules (figures ), (B)), we will check the Cutkosky rule for the one-loop self-energy diagram of
the commutative nonassociative ¢3 theory. The rule is diagrammatically given by figure [}



Let us compute the one-loop amplitude M in figure B} The amplitude is given by
. 2 D
) —ig\“1 d”q 2 2 2.9
M= (=) = ap aq a(p+q)
i < 3) 2/(277)13(6 +e* +e )
i i
@2 —m2+ic(p+q)? —m? +ie

(2.24)

If «v is non-zero, the momentum integration diverges exponentially in Minkowski spacetime.
This can be cured by changing the star product, which will be discussed in the following
section. In this section, however, we will stick to the star product (R.3) and compute the
amplitude by analytic continuation. One reason for this is that what diverges is actually the
real part of the one-loop amplitude, which is irrelevant to the one-loop unitarity. Another
reason is that we can obtain a definite conclusion if we adopt the star product (R.3)), because
the imaginary part of the one-loop amplitude can be computed exactly in D = 3.

Let us assume a > 0 and carry out the Wick rotation of the amplitude. Then, after
combining the denominators by using the Feynman parameters, we obtain

2 D

_ 9 d7GE  —opl | gk | ,—alpe+as)®)2

M_18/(27T)D(6 e e :
1 (2.25)

1
/o dx((QE +pe(l —2))? + pFa(l — x) + m? —ie)?’

where ¢, pg are Euclidean momenta®. After carrying out the momentum shift gz +pg (1 —
x) — qp, we obtain

2 D 1
g d qE —2ap?
= < 2.2
M 18/(%)1)/0 da(e 2% (2.26)

+ ¢ 20(am—pp(1-2))? (2.27)
+ ¢ 20(aptppe)? (2.28)
+ 9e-ar g-alas—pr(i-2))? (2.29)
1 9e—alap—pp(1-))? ,~a(gp+ppe)? (2.30)
I 2€—ap?;e—a(QE+pEx)2) (2.31)

1
(¢3 +pox(l — ) +m? —ie)?’

From now on, let us assume D = 3. Let us first study the contribution of the first
term (R.26)). After parameterizing the three-momentum ¢g with the radial and angular
variables and integrating over the latter, we obtain

M —e2ap2g—2/ood /ldx 4, (2.32)
! 362 0 i 0 (qe + AE)Q(QE - AE)Q’ .

A = /p2x(1 — z) — m2 +ie.

where

* The signature in the Minkowski spacetime is taken as p* = (po)? — Zf;l(pi)Q. After Wick rotation
to the Euclidean space, p*> = —(po)? — Zi_ll(pi)Q = —(pr)*.
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Figure 4: The contour of momentum gg
Here we have carried out the replacement (pg)? = —p? to go back to Minkowski spacetime.

In the region p2x(1 — 2) — m? < 0, A, approaches a pure imaginary value in the ¢ — +0
limit, and the integrand in (P.32) is obviously real. However, when p2z(1—x) —m? > 0, A,
approaches a positive real value in the ¢ — +0 limit, and a careful treatment is required

for the integration over ¢g. In x, this range is expressed as
1/2—~y <z <1/2+~, (2.33)

p274m2
4p2
of the amplitude to exist. In this range,

where v = (> 0). Note that p? > 4m? must be satisfied for the imaginary part

Ac ~ /p2a(l — ) —m2 +ie = A +ie. (2.34)

The imaginary part of Mj is given by (M; — M7)/2i. As can be understood from
figure |, the imaginary part of the amplitude is given by the contour integration of ¢g
around the pole gg = A. Carrying out the contour integration and the integration over zx,

we obtain

2 1/2+y
2ImM4 = 9¢20p” g 2/ dx T
3672 Jija—y  Ay/pPa(l—z) —m?
_ g2e2o¢p2

N

where the branch of positive values is taken for /p2.

(2.35)

The integration over gz for the second term (R.27) can be computed similarly. After

integrating over the angular variables of ¢g, we get

2 00 1 da(l—2)ppqe _ ,—4a(l—2)pEqEe
g 202 (1—2)2 —2002. 2 € e
My = W /0 dQE/O dxe 20pg (1-2) e 2aqEq2E

da(1 — z)prqE
1

(¢4 + pha(l — z) + m? —ie)?’

The imaginary part can be similarly expressed as a contour integration, and we obtain



92 1/24~ e20p®(1-x)?
2ImMy = = dp————
7 367 12—y 4a(l —xz)4/p?
e~204% (_8 A2 sin B + 2B cos B)
4A2 ’

where B = 4a(1 — z)/p?A.

The other terms can be also computed similarly. The term (P.2§) becomes

g2 1/247 eQameQ
21 =2 dp———
mMs 367 /1/2—7 x4aa:\/p2

e~204% (80 A2 sin C + 2C cos C)
4A2 ’

where C' = 4axy/p?A. The term (R.29) becomes

202 ap?  p1/2+~ ap?(1—x)?
Sy
1

do—————
367 J2—~ 2a(1 — z)\/p?

‘ e~ (40 A2 sin(B/2) + B cos(B/2))

4A2
The (R.30) becomes

2g2 /1/2+7 eap” (227 —2x+1)

2ImM;y5 = —=— dx
36T J1/2- 2a(1 — 2z)+/p?
e~204% (_80 A% sin D 4 2D cos D)
4A2 :

where D = 2a(1 — 2z)+/p?A. Finally the term (R.31)) becomes

202 ap? 1/24~ ap?a?
AmMg = 2 / ‘
1

de—
367 /2~ 20w/ p?

. e~ (—40 A% sin(C/2) + C cos(C)/2))

4A2

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

Let us now integrate over z for these results (P.36))-(R.40). We change the variable x

to an angular variable ¢,

1
T =5 —cCosY,

where 0 < ¢ < 7. Then A can be expressed as

A= \/]?'ysingo.

(2.41)

(2.42)

The integration can be explicitly carried out by using the exponential integral function,

which is defined by
z ,—t
Ei(—z2) = / £ _at.

o 1

(2.43)



The results are

,LgZBZm o ) 0
2ImMy = [El 202 (2 + ve % 4 42eTHP)) — (p — —(p)] , (2.44)
72 - 2\/p*m 0
,LgZBZm «a . 7T
2ImM3 = [El 2p%a(y? — e % 4 42T HP)) — (p — —(p)] , (2.45)
72-2\/p? 0
2 g2 ep*+m?) 4 i
2ImMy = s4ge” [ (P?a(y? + e + 4% 29)) — (¢ — —gp)] , (2.46)
72 -2/ p?m 0
2292 2m2a [ B ] w
MMy = Ei(2p%a(1 + ¢%9)) — (o — —¢)] | . (2.47)
72 - 2/p*m 0
2i g2 P> +m?) 4
2mMg =~ [Ei(p?a(y? — ye ™ + 42 72%)) — (¢ — —¢)] (2.48)
72 -2/ p?m 0

Let us first evaluate (.44). We first note that

™

= Ei(2p*a(y? + e + 7% 7H9))
-7
(2.49)

™

[Ei(2p%a(7? + 7€~ + 7%e72%)) — (p — —¢)]

0

Let us consider
uw=n"%+ye ¥ 22 (2.50)

in the argument of the exponential integral function in (P.49). Since 0 < v < %, the
trajectory of w in the complex plane for the interval —m < ¢ < 7 is given by a closed
contour going clockwise around the origin u = 0, as shown in figure . Since the exponential
integral function has a cut stretching between u = 0 and u = oo, (P.49) can be evaluated
from the difference of the values of the exponential integral function on distinct sheets.

From the definition (R.43)), we find

. . ™ —t
Ei(2p%a(y? +ve % + 42 29))| = — %dte? = —2mi, (2.51)

—Tr

where the closed contour of ¢ goes counterclockwise around the origin. Thus (P.44) is

evaluated as
2 2m2«

ge

72¢/p?

We can evaluate (R.45]), (R.46), (R.48) in the same manner as above. The results are

2ImM, = (2.52)

9262771204

MmMs — , 9.53
-~ (2.53)
2g2ea(P*+m?)

MMMy = 29— (2.54)

72/ p?

2¢2e(P*+m?)

oImMg = 9 (2.55)

72/p?

,10,



(left) and v = 5 (right).

N
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Figure 6: The integration contour of ¢ is deformed in the direction of positive imaginary values.

The evaluation of (R:47) requires a little care, since the exponential integral function
is singular at ¢ = /2. This is not a physical singularity, since there is no corresponding
singularity in the original integration (R.39). In fact, it is allowed to deform the integration
contour of ¢ apart from real values. Let us deform the path in the direction of positive
imaginary values® as in figure f|. Let us consider vy = 1 + %% and vy = 1 + e7?% in the
argument of the first and second terms of (R.47), respectively. Then v; does not surround
the origin, while vy surrounds the origin clockwise as in figure . Thus (R.47)) is evaluated
as

2
292e2m «

2v/p?

2AImM; = (2.56)

Collecting all the contributions (R.35), (B.52)-(R.56), we obtain the imaginary part of
M as

2ImM = 7297(620{1)2 + ge2m*e + 4ea(p2+m2))

__9 2(60‘p2+26am2)2. (2.57)

5The deformation can be in the direction of negative imaginary values. This does not change the final
result.

— 11 —



Figure 7: The contours of vy (left) and vy (right).

On the other hand, the other side of the Cutkosky rule, > |M|?, is given by

2 _1(g Q/ﬂd_[’l ot | gy a2
> IMP =3 (3) Gmb @np ¢ T e (2.58)
- (2m)P6P (14 q — p)276(q® — m?)2w0 (12 — m?).

Putting D = 3 and considering the center-of-mass frame p = (p,0,0), we get

2 1 d2
SIMP =1 /7(15(2\/W—p)(6‘“’2 + 9eam®)?
2

~ 1827 J A(jg? +m?)
g

=Y (e 4 2¢0m%)2, (2.59)

72:/p?

which agrees with (R.57). Thus we conclude that, in D = 3, the commutative nonassociative
field theory based on the product (P.J) satisfies the one-loop unitarity relation of figure fj|
We also have checked the unitarity in four dimensions in perturbation of «, and have found
that the unitarity is satisfied at least upto the seventh order of a. See the appendix for
details.

3. Nonassociative ¢ theory: quartic case

In the previous section we find the one-loop unitarity is satisfied for the commutative
nonassociative scalar field theory obtained from the product defined by (R.3)). But the
real part of the one-loop amplitude has an exponential divergence in Minkowski spacetime,
which is not relevant to the one-loop unitarity but may harm the significance of the field
theory considered. In this section, we will define an improved commutative nonassociative
product, and will study the one-loop unitarity of the scalar field theory obtained from it.
The price to pay for this change is the loss of exact computation: One of the one-loop
contributions will be computed in perturbation of a nonassociative parameter . We will
find that the one-loop unitarity holds at least to the order considered.

The new product is defined by changing the square of the differentials in (-J) into

quartic power:

d(x) * p(ar) = @t 50 1 @) (@ + b)|ampo. (3.1)

- 12 —



In the momentum representation, the new star product is given by
T 4 14T e*a((p+q)2)2€i(p+q)x’ (3.2)

where a > (. It is easy to show that this product is commutative but nonassociative. It is
obviously Poincaré invariant.
In the same way as in section [, we obtain the following Feynman rules,

! (3.3)

ropagator : ————,
propag p? —m?2 +ie

three-point vertex : _Tlg(efo‘(p%2 4 ol@) 4 efg(kQ)Q), (3.4)

where p, g, k are the external momenta.
As in the previous section, we will check the one-loop Cutkosky rule of figure §| in
D = 3. The one-loop amplitude is given by

. 2 3
IiM = <—_zg> 1/ d’q (efap“ _|_e*aq4_|_e*a(p+q)4)2

3 2 ) (2m)3
i i
@2 —m?2+ie(p+q)2 —m?2 +ie
2 3 1
g d°q —ap?t g _ 4
_ 9 d ap aq a(p+q)*y2
13 ] @n)p /0 x(e +e +e )
1

(g +p(1 =)+ p22(1 — ) — m? +ic)?’ (3.5)

2

where p? is the abbreviation for (p?)2. There occur no exponential divergences, and the

integration is convergent. After shifting the momentum variable, ¢ — ¢ — p(1 — ), we

obtain
2 3 1
. g d q o _ —p(1— 4 _ 4\ 2
_9 d ( ap a(g—p(1-x)) alg-+pz) )
M 18/(277)3/0 x|e +e +e
1
. 3.6
(¢2 + p2x(1 — x) — m?2 + i€)?’ (3:6)
where the exponential factors can be expanded as
(efap“ 4+ e—ala—p(1—2))* | e*ﬂf(fﬂrm)“)2
— ¢ 200" | o—2a(g—p(1-2))* |  —2a(g+pz)*
4+ 9e—ap'—alg—p(1-2)* | g —ala—p(1-2))'—al(gtp2)! | 9 —ap’—alg+pz)* (3.7)

We will compute each contribution in the followings.
Since the first term in (@ does not contain the dependence on ¢, we obtain a result

similar to (R.35),
g2 ef2ap4

2V

2ImM; = (3.8)

,13,



Next let us evaluate the second term in (B.7). Wick rotating the momenta p,q to
Euclidean ones pg, ¢g, and integrating over the angular variables of ¢g, we get

/ qu/ qE Erf(v2a(qg +T')?%) — Erf(vV2a(qe — T')?)
(gm + AL)?(qr — AL)? ’

My = 72\/% (3.9)

where AL = \/—pZE:c(l —z)—m2+ie, T' = pp(l — z) with an abbreviation pg = 4/p%,
and the definition of the error function Erf(z) is given by

Erf(z -7 / (3.10)

The integration over ¢z in the evaluation of the imaginary part of My can be carried out

in the same way as in the previous section. The integration can be rewritten as a contour
integration around the pole, and the result is

g2 1/24~
2ImM2 = / dr [
1

: l(e—Qa(AHT)‘l _ e—Za(A—iT)4)
72 - 2w /2—~

T

N %(e_za(AHT)‘l + e 2a(A=TYy | (3.11)

where the external momentum has been Wick rotated to the Minkowski one, and v =
V(P2 —4m?)/4p?, A = \/p*x(1 —z) —m?2, T = p(1 — x) with an abbreviation p = \/1?
As before, p? > 4m? or 0 < v < % for the imaginary part of the amplitude to exist. After
the change of variable x = 1/2 — ycos ¢, the four terms in (B.11]) can be collected into a
simpler expression,

2 2 .
__ 9 —sa(airyt A+ T
2T =—2 [ 4 S 3.12

m My 72-2pm'/0 ve T (3.12)

where A = pysing, T = p/2 + pycosp. Since A +iT = ipye ™ + ip/2, we carry out
further the change of variable z = e ™%, and get

2
MMy = fdwzwwwwﬂliiii

T2pmi z+v22 + 7
2 —2a(p/2+pvz)* 1/9
=7 .]édze - 0z 1/2) (3.13)
Topri o P | p—c)
where
—14 /1 —4~2
G=—+ . Sy (3.14)

g
=1 —/1—412
= T, (3.15)
2y
and C is the counterclockwise circular path with unit radius from the origin. Since 0 <
v <1/2, |a] <1 and |3] > 1, and z = & is the only pole in the inside of the unit circle C.
Evaluating the residue of the pole at z = @, we get

2
ImM, = %ﬂam (3.16)
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We can easily obtain the contributions from the other terms in (B.7) except the fifth
term. For example, the third term becomes the same as the second one after the change of
variables, p — —p and 1 —x — x. The other contributions can be also computed in similar

ways. Thus we get

2
g —2am?
oI =9 3.17
mMs 72pe , ( )
DMy = S e-atrt+m) (3.18)
m = —€ .
4 36p )
DM = Lot +m) (3.19)
m. = —e€ . .
6~ 36p

Finally we evaluate the contribution from the fifth term in (B.7). Wick rotating the
momenta p,q to Euclidean ones pg, qg, and carrying out the integration over the angular

coordinates of g, we get

VT [ apdes [* d *ai(q%(ﬁ%;t;; 2k
Ms = S6palr 42 e
0 0
1
(a0 + AP (ag — AL =2 + 27
| [Erf<a1/2[<1 ~ @)(gs +pu(l — 2))* ~ 2(qn - pEw>21>

(1—x)%+ 22
a'2[(1 - 2)(qe — pe(1 — 2))* — 2(qe + pp2)?]
—Erf< T )] (3.20)

The evaluation of the imaginary part and the integration over qg can be carried out in the

same manner as above, and we get

2 1/2+ 2 am?
g ﬁ Wd 1 |:< \/am A )6(11)2“52

2mip J1joy A N1 = 2)2 +22)3

: {Erf<a1/2[(1 —z)(A+ip(l — x))? — z(A - ip@z])

2ImM;5 =

(1—2)%+ a?
041/2[(1 —z)(A —ip(1 — )2 — z(A + ipx)?]
— Erf( (1p_ )2 + 22 ’ >}
am? 1

_|_ 6_ (1—x)2+ac2

Vi = o+ a2

y y @ —x i —x 2—90 —i122
<(1 —z)(A+ip(l —z)) — z(A — ipx) = [(1-2)(A+ ﬁ(izﬂ))ﬂz (A—ipz)?]
(1—x)2+22
_ s _ _ : a[(1—z)(A—ip(1—x))% —z(A+ipz)?]?
(A ==2)(A—ip(1l —x)) — z(A +ipx) - o iy  321)
(1—2)2422
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Carrying out the change of variable x = 1/2 — cos ¢, we obtain a simpler expression,

4

—am

N TEE

27ip? J, S0\/1/2—1—272(:082(;)

[ Vam?pysin ¢ Erf<\/5(T(A +ipT)* — S(A — ip5)2)>
1/2 4 272 cos? ¢ V1/2 + 272 cos?
T(A+ipT) — S(A —ipS)

2ImM;5 =

VT/1/2 + 292 cos? ¢
T(A+ipT)? — S(A —ipS)?)?
1/2 + 292 cos? p
where

1

S = 5 s, (3.23)
1

T= 3 + 7y cos p. (3.24)

We carry out further the change of variable w = e~%¥. Then the first term in (B.22) is
obtained as

e wH~2 (w+1)2

\/27Ta92m27y{ dw —=20m'w w—1
C

36p 2mi (w + 72 (w + 1)2)3/2
Vw42 (w+ 1)2 ’
while the second term is obtained as
92 dw 1 + 272(2‘(] + ]‘) 67%124(14’2472104’16741112). (326)

36p Jo 2miw + 42 (w + 1)2
Here the contour C denotes a counterclockwise circular path with unit radius from the
origin. We have multiplied (B.2§) and (B.26) by a factor of 2, because w goes around the
origin twice when ¢ varies from 0 to 2.

The evaluation of the second contribution (B.26|) is straightforward. When ~ is in the
range 0 < v < %, the only pole in the unit circle is at

—272 — 1+ /14492
= > . (3.27)

2y

Evaluating the residue of the pole, we get

m2
P e ) .

36p
On the other hand, we have not succeeded in evaluating exactly the first contribu-

tion (B.24). We have computed the contribution in the perturbation of « as follows. The
error function Erf(z) has a series representation,
2 9 o 2]922]9-’-1
Erf = —¢e 7 e ———— 3.29
f(z) = e %(%H)u (3:29)
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Applying this formula to (B.25), we obtain

_ag*y*mPp 7{ dw (w = D(*w’ + (7 +5/w + 1/4) _er (119420 4167402)
9 c 2mi (w~+ 2 (w + 1)2)2
. i 1 [dop™* (72w + (42 + 5/4)w + 1/4)*]"
— (2k + 1)1 w+ 2 (w+1)2 '

(3.30)
k=0

In the unit circle C, there is only one pole at (B.27). Since the order of the pole becomes
higher in higher order terms of the series, it seems hard to obtain an exact result from the
expression (B.30)). On the other hand, the series in (B.3(]) can be regarded as a perturbative
expansion in «. Using Mathematica, we have computed (B.3()) in perturbation of o upto
the seventh order, and have found that (B.3(])) actually agrees with the expansion of

2 —om22( [o_ 4m?2
%6_2047”4 [1 e 2ap*m ( 14+4/2 2 )] ‘ (3'31)
/4

Thus if we assume this is correct in all orders of «, adding (B.2§) and (B.31)), we finally
obtain

2
9ImM; = ?f]?pe*?am“. (3.32)

Collecting all the contributions, (B.§), (B-16)-(B.19), (B-39), the imaginary part of the

amplitude is obtained as

2

QIHIM — g_ (e—Qap4 + 46—2am4 + 46—2a(p4+m4)>
2p
2 2
-9 ( —ap* | 9 *am“) 3.33
72 e + 2e . (3.33)

The other side of the Cutkosky rule, > [M|?, can be computed in the similar manner
as in the preceding section, and we obtain

> IMPP = 797; (e—am + 25%“)2, (3.34)

which agrees with (B-33). Thus the scalar field theory obtained from the star product (B.1])
satisfies the one-loop unitarity of figure

4. Field theories on Poincaré invariant commutative associative space-
times

In this section, we will consider scalar field theories obtained from Poincaré invariant com-
mutative associative algebras. It will be shown that momentum dependence of couplings
does not appear in such cases. Therefore an algebra must violate commutativity or asso-
ciativity for scalar field theory to have non-trivial properties. This would be a physical
restatement of the mathematical Gelfand-Naimark theorem, which asserts that any asso-
ciative commutative algebra is canonically isomorphic to the algebra of functions on some
space with the usual pointwise multiplication.
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A Poincaré invariant commutative associative algebra has the general expression,
p1T ipoT i(p1+p2)x
eP1T % P2 = f(plapQ)e (p1-+p2) ) (41)

where f(p1,p2) is a Lorentz invariant function of two momenta p1, p2 and must satisfy the
conditions,

f(Pl,m) = f(P2,p1)7 (4-2)
f(p1,p2) f(p1 + p2,p3) = f(p1,p2 + p3) f (P2, P3),

where ([.2) and ([L.J) are the conditions for commutativity and associativity, respectively.
We also assume a positivity property,

f(p,—p) >0 (4.4)

for general p. As can be seen below, this condition is required for the kinetic term of field
theory to be non-singular.

Let us consider scalar ¢3 theory based on the above star product. The action is given

by

s= d%[%am@)*aw:c)—ém%)wm—% (2) + 6(a) x o). (45)

We define the Fourier transformation of ¢(x) as
¢(x) /—d N (p)p(p)e #* (4.6)
x) = @m)D p)o(p)e”PT, .

where N(p) is a normalization factor, which will be determined later. Substituting the
Fourier transformation to the action, we get

S = / %N(p)N(—p)f(p, —p)(p? — m*)¢(p)d(—p)
-4 / / /k NN@NE 0 0) 0+ 0 K20+ g+ Do0)d@dE), A7)

where [ is [dPp/2m)P.

The physics should not depend on the normalization N(p) of the momentum modes.
Therefore we can make the propagator of this theory to have the usual form i/(p? —m? 4 ie)
by choosing

1

N(p) = m (4.8)

This choice is allowed from the positivity assumption (J.4). Then the momentum depen-
dence of the three-point vertex is obtained as

fp,a)f(p+aq,—p—q) .
VI, =)V I,V F(=p—a¢.p+q)

(4.9)
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For the convenience of the following discussions, let us consider the square of ([.9),

2. ) flp+q,—p—q)
f(p,—p)f(q,—q)

Using the associativity (f3), f(p,q)f(p +¢,—p — @) = f(p,—p)f(¢,—p — q), h can be

rewritten as
fp,9)f(g,—p—q)

h =

(4.10)

S 1y
Since f(p,q) is a Lorentz invariant function, it has the property,
fp,—a) = f(=p,9). (4.12)
Using ((.2), (E3), (E10)) and (f.12), we can further show
h = f(p,0). (4.13)

On the other hand, from ([£3), we find f(p, —p)f(0,0) = f(p,—p)f(—p,0). Using the
positivity (f4), we conclude
h = £(0,0). (4.14)

Therefore h is actually a constant, and the coupling does not have momentum dependence.

n+1

The above proof can be generalized to the general coupling (x¢) as follows. The

corresponding generalization of h is given by

F(Sopi = Sps) THS £ (i pspin )

h, = 4.15
g [T,/ e ) 1)
This quantity satisfies an inductive relation,
2 g —
o= £@pa)fa+pr,—a —pa) (4.16)

T (e fa )

where ¢ = Z?:_f pi- The factor in front has actually the same form as ([.10). Therefore h,
and h,_1 are related by a constant multiplication. Since we have shown ho is a constant,
any h,, is also a constant by induction. Thus we see that commutative associative scalar
field theories do not have momentum dependence of couplings.

5. Discussions and comments

We find that our commutative nonassociative field theories satisfy the one-loop unitarity
of figure ] in the standard path integral scheme. This is in contrast with the violation of
unitarity in noncommutative field theories with space/time noncommutativity in the stan-
dard path integral scheme. However, our result is based on the explicit computations of
the one-loop self-energy diagrams of the field theories obtained from certain commutative
nonassociative algebras. Therefore it is not clear how general our result is, i.e. whether
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unitarity holds for other diagrams and other commutative nonassociative algebras. Con-
cerning this question, we point out a qualitative difference in non-locality between our field
theories and the noncommutative field theories in the following paragraph.

Noncommutative field theories defined by Moyal product (R.1]) are non-local in real
directions. We can easily see this by using the momentum representation as

OPT . ol9T _ o= 5Pu0" v i(pta)z

— Pulet =30 qy) yigu(ah+ 304 py) (5.1)

Therefore when there is space/time noncommutativity, there exists non-locality in time,
and field theories will inevitably show some pathological behaviors such as violation of
unitarity [24]-[R6]. On the other hand, our star product (.4) can be rewritten in the form,

. . 2
Pt 4 olaz — pa(pta)® ilpt+a)e

_ eip-(mfia(erq))eiq'(mfia(PJF‘I)). (52)

One notices that the coordinates are shifted in the imaginary directions. This feature is also
true for the star product (B.2)). Therefore our star products do not have the non-locality
in the real time direction, and this qualitative difference may be the essence of why our
field theories do not show the violation of unitarity, even though our products contain an
infinite number of derivatives with respect to the coordinates.

It is known that noncommutative field theories have the UV-IR mixing property [[L6]-
[[§. The UV-IR mixing is a phenomenon that the ultra-violet divergences appear when
external momenta approach zero. This occurs because the limit of vanishing external
momenta has similar effects as the commutative limit 0¥ — 0 in loop amplitudes. On
the other hand, the explicit expressions of the one-loop amplitudes (.24), (B.5) do not
seem to have this sort of similarity between the two limits. Therefore our commutative
nonassociative field theories will be free from the UV/IR mixing.

The idea of noncommutativity of coordinates stems from the quantization of spacetime.
But how about nonassociativity? Is there any relation to quantization? Actually, it seems
that nonassociativity can lead to noncommutativity in some situations. Let us define a
right-operation R(a) for an element a of a nonassociative algebra as

R(a)b=axb. (5.3)

Then one finds
[R(a), R(b)]c = ax (bxc) —bx (ax*c), (5.4)

which does not vanish in general even when the nonassociative algebra is commutative.
Therefore R(a) is noncommutative in general. It would be interesting to find such effects
of noncommutativity in commutative nonassociative field theories.
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A. Unitarity in four dimensions

In this section, we check the unitarity in four dimensions in perturbation of «.
Let us consider the quadratic case (P.J). From (P.25), the amplitude is given by

2 4 1
M = g_/ d"qm / dw(e—%&p?g + o —20(qe—pp2)? + o~ 20(ap+ppT)?
18 (271')4 0
+ 26—0417?; (e_a(QE_pE$)2 + e_a(QE+pE$)2) + 26—04(QE—17E(1—$))2e—a(QE+pE93)2)
1
(4% + poa(l — z) + m? —ie)?’

Parameterizing the four-momentum gz with the radial and the spherical coordinates, it
becomes

2 [e%¢) 27 T T 1
g 3 . . 9
M= / dggq / dw/ dgosmcp/ df sin 9/ dz
18(2m)* Jy " Jo 0 0 0

—92ap2 _ 2 .22 _
(6 204pE+e 2a(qg+rge )(e4oqupExcosﬁ+e 4o¢quExCOSG)

+ Qe—ap%e—a(q%-f—p%m%(62aquEa: cos 0 + e—ZquEpEJ: cos@)
1
(a + ppa(l — z) + m? — ie)?

o) 1 1
/ quq%/ dtv/1 —t2/ dx
0 ~1 0

+ 26—0{(2q%+p%(2x2—2a:+1)—2quE(1—2J:) cos 9))

_ _dng®

18(2m)*
(6—20432E
+ 272005 +PE7") cosh (dagpppat)
+ de~ e~ 4B TPET) cosh (2agpppat)
+ 26*a(2<12E+p2E(29@2*%*1)721”2@(1723:)1;))

1
(@} + el —a) + m? —ic)*

Let us calculate the first term (A]). After integrating over the variable ¢ and carrying
out the replacement p% = —p?, we obtain

P aap [ ! 0y
My = —L_2ap / d / d . A5
L7 14402° 0 e 0 x(q% —p?x(1 — z) + m? — ie)? (4.5)

We can evaluate the imaginary part as we have done in section P} After carrying out the

contour integration over qg, we obtain

2 1/24
2ImM = g—e2ap2/ dx
1447[' 1/2,7

2 2 2
_ 97 o [PT—4Am7 A
721 ° \/ 4p? (4.6)
2 2 4m2
ol 1 _ 9 2 |P ) A7
mM; 36 ap v (A.7)
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Next let us calculate the second term ([A.Z). After integrating over the variable ¢ and
carrying out the replacement p% = —p?, we obtain

2 00 1
Mo = 3g7r2/0 dqg /0 duqhe 2P ]y (dan/pPqiz)
1

4ar/prqpr(qe + A)?(qe — A)?
where J,(z) is the Bessel function.
To obtain the imaginary part, we evaluate
2 1/24
2ImMy = J ,j{qu/ dwq%e_Zo‘(qQE_prQ)Jl(4ax/p2qu)
367['2’L 1/2—7
1
dan/p*qpa(qe + A +i€)*(qp — A — i€)?
where the contour is given by figure il
After carrying out the contour integration over gqg, we obtain
2 rl2+y T (4ar/ D2 A
2ImMy = g da == 2047 —p*a%) <(1 - QCXAQ)M - J2(4a\/p2Am)>.
187 1/2— 20[\/ p2A$
(A.10)

Carrying out Taylor expansion in «, the first order in « is

2 1/2+4~ 1
g« 2 2
=2 = d — —24+3
18+ . T (m + 2p x(—2+ :L‘)>

2 2 2 _ 4m?2
_giam® [p m? (A1)
187 4p?

In the same way, the third term ([A.J) is

2 2 _ 4Am?2
oImM.) = %@2 +m?), /%. (A.12)

Finally let us evaluate the forth term (JA.4). After integrating over the variable ¢ and

2ImM gl)

carrying out the replacement p% = —p?, we obtain
M, — 92 /OO d /1 dead’ —a(2q;—p? (227 —22+1)) o
4= 3672 A qE ; Lqpe
Ji(2a/p2qp(1 — 22)) - (A13)

20/p?qp(1 — 27)(qE + Ad)* (g — Ae)?
To obtain the imaginary part, we evaluate
2 1/24
TmM, — g 7{qu/ gl dwq%efa@q%pr(QmQ721+1))
367T2Z 1/277

20/ P2ap(1 — 22)(qp + A+ i€)(qp — A — i€)?
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After carrying out the contour integration over qg, we obtain

2 pl/2+
AmMy = L / 7d:g1e—Of(QAQHP(—1+2oc—2oc2>)
187 1/2_7
J1 (20 p?A(1 — 2x)) >
(1= 2042 — Jo (20 /D2 A(1 — 22)) ). A5
(- 20y 2R 2 - haian —2)). (a1

Carrying out Taylor expansion in «, the first order in « is

2 1/24~ 1
QImMS) Jga / de(4m2 + p?(1 — 6z + 62%))
1

187 /277

2 2 4 2
. N L (A.16)
187 4p?

Thus, collecting the results (A.7), (A.11), (A.12) and (A.16), the imaginary part of the
amplitude in the first order of « is

2 2 2
age ., o 9y [ P” —4m
2ImM = — + 2 _ Al
M = (p m)4 v (A.17)

On the other hand, the other side of the Cutkosky rule, ¥|M|? is given by
1 /7g\2 d4q d*l 2 2 2
) 2 _ - (_> / ap aq al®\2
M| 5 (3 (2ﬂ)4(27r)4(e + e +e™)

- (2m)* 041+ q — p)276 (g% — m?)276(12 — m?)
2

3 3
972(601])2 +2€am2)2/ d’q / d’l 54(l—|—q—p)

-~ 18(2m) B +m2) 2/ + m2
2 2 _ 4m?2
= oo (e 2 (A.18)

The first order of o of X|M|? is

2 2 4m2
SIMPEO = S L PTTIMT 02 4 9,2y, A.19

Thus we find that the unitarity is satisfied in the first order of « in four dimensions. We
can check the unitarity in higher orders of a in the same way, and have found that the
unitarity is satisfied at least up to the seventh order of «, using the Mathematica.
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